Ultracold three-body collisions near overlapping Feshbach resonances 
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We present a comprehensive collection of ultracold three-body collisions properties near overlap- 
ping Feshbach resonances. Our results incorporate variations of all scattering lengths and demon- 
strate novel collisional behavior, such as atom-molecule interference effects. Taking advantage of the 
unique ways in which these collisions reflect Efimov physics, new pathways to control atomic and 
molecular losses open up. Further, we show that overlapping resonances can greatly improve the 
chances of observing multiple Efimov features in an ultracold quantum gas for nearly any system. 
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In the past few years, the experimental realization of 
ultracold gases with multiple species has made a whole 
new range of novel quantum phenomena experimentally 
accessible. In many cases, the underlying many-body 
physics depends on both intra- and inter-species corre- 
lations, emphasizing the importance of developing con- 
trol over these types of interactions simultaneously. This 
control can be accomplished by applying an external 
magnetic field near values where two or more of the 
interactions support a Feshbach resonance [H, allowing 
for the various intra- and inter-specics s-wave scatter- 
ing lengths to vary drastically. Although such overlap- 
ping resonances can occur naturally, recent proposals [4I 
open up the possibility of controlling the interactions in- 
dependently thus allowing the exploration of the multi- 
ple species strongly interacting regime. In this context, 
understanding the underlying few-body phenomena can 
potentially deepen the understanding of the many-body 
physics [3| as well as help to control the much more com- 
plex collisional behavior of the ultracold gas. In fact, re- 
cently, the first experimental studies on the collisional be- 
havior of ultracold gases near overlapping Feshbach res- 
onances 01 have revealed interesting universal few-body 
physics and triggered a number of theoretical studies [5| . 

The core of the few-body phenomena near overlapping 
Feshbach resonances is the extension of the three-body 
Efimov physics 0] to multiple large scattering lengths. 
Efimov physics and its manifestations in ultracold scat- 
tering near an isolated resonance is today well understood 
0jS|- When the scattering length a for identical bosons, 
for instance, is tuned to the universal regime \a\ ^ tq, 
where ro is the range of the two-body interactions, loss 
rates reveal signatures of Efimov states as seen in the 
fast-growing number of experiments [^, [lo| , demonstrat- 
ing the importance of universal few-body physics 11 1 . 

In this Letter, we will show that when multiple scat- 
tering lengths are allowed to vary, the signatures of Efi- 
mov physics in scattering observables are much richer 
than the single scattering length cases and open up new 
fronts for the control of atomic and molecular losses. 



We have found, for instance, that when two scattering 
lengths are large and positive, Efimov physics can cause 
destructive interference in atom-molecule collisions, al- 
lowing for longer molecular lifetimes, even in the absence 
of Pauli blocking [l3l . In other cases we show that both 
destructive and constructive interference can be observed 
in the same scattering process unlike the single resonance 
case. Importantly for few-body physics, we show that 
near overlapping resonances the strength of the effective 
three-body interaction behind the Efimov effect can be 
made much stronger and thus improve the observability 
of the Efimov effect in a great variety of systems. In fact, 
it turns out that the Efimov effect is easier to observe in 
any system with overlapping resonances than in identi- 
cal boson systems. We also derive the scattering length 
dependence for the important inelastic scattering pro- 
cesses in systems consisting of two identical bosons and 
a dissimilar particle, say BBX, and three dissimilar par- 
ticles, say XYZ, with two and three resonant scattering 
lengths. The latter is relevant for the recent experiments 
with ''Li in three different spin states 
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FIG. 1; (color online). Idealized picture for two overlapping 
s-wave Feshbach resonances between B and X atomic species, 
focusing on just one of the resonances. In (a) there are one 
or two weakly bound molecular states, and in (b) zero or one 
molecular state can exist. The regions (I)-(IV) in each case 
exhaust all scenarios in general. 



We start our study of three-body physics near overlap- 
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ping Fcshbach resonances by identifying the most generic 
cases. In Fig. [T]we show these cases for two nearby reso- 
nances between B and X atomic species, focusing only on 
the region aromid one of the resonances. Figm-e[lja) il- 
lustrates the case where one of the scattering lengths goes 
through a pole while the other remains large and posi- 
tive, while in Fig. [Ijb) the pole occurs when the other 
scattering length is large and negative. The main differ- 
ence between these two cases is that in Fig. [TJa) there 
exist two weakly bound molecular states BB* and BX*, 
associated with the scattering lengths gbb and ubx, re- 
spectively, while in Fig.[T]Jb) only one weakly bound BX* 
molecular state exists. Even though the cases shown in 
Fig. [1] are only an idealization of the overlap between two 
resonances, the four regions labeled in each case — where 
our results and analysis are applied separately — exhaust 
all possibilities for two overlapping resonances. 

Our results for the three-body inelastic rates are de- 
rived from the generalization of our methodology to 
multiple scattering lengths. The key ingredient in our 
approach is that the scattering length dependence of 
the rates is determined by a combination of tunneling 
through effective three-body potential barriers and in- 
terference effects . The form of the effective potentials 
thus controls the coUisional properties of the system. In 
the adiabatic hypersphcrical representation, the effective 
three-body potentials can be parameterized as 
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and W^{R) = 



(1) 



for attractive and repulsive Efimov potentials, respec- 
tively, in each region ro^-R<C|a'| and |a'|^i?<C|a|, as- 
suming |a|^|a'|. Here, R is the hyperradius describing 
the overall size of the system, n is the three-body reduced 
mass 01 and v the set of quantum numbers necessary to 
label each channel. The strengths of the attractive and 
repulsive interactions sg and po, respectively, as well as 
the systems in which they occur, are dictated by Efimov 
physics 0, [ll through the values of the mass ratios be- 
tween the particles and whether they are of bosonic or 
fermionic character. We note that sq and po also depend 
on the number of resonant interactions and will thus be 
different in each R region. For instance, for three identi- 
cal bosons — where all the pairs interact resonantly — the 
attractive potential in Eq. ([T|) has sq w 1.00624. On the 
other hand, for systems with three bosons in two different 
spin states and resonant interspecies interaction — giving 
two resonantly interacting pairs — so ~ 0.41370. Now, if 
the intraspecies interaction in the above example is also 
resonant, the value for sq is the same as for three identical 
bosons. The same values are also obtained forparticles 
in three different spin states relevant to Refs. [3|, Ij]. 

Because of their effect on sq, overlapping resonances 
can have a significant impact on the observation of Efi- 
mov physics. In fact, one of the major obstacles for ob- 
serving the Efimov effect through ultracold scattering is 



that the loss features occur at scattering lengths sepa- 
rated by the multiplicative factor e'^^^°. Therefore, ob- 
serving n features requires the ability to change a by 
roughly a factor of (e'^/'*'^)" — 22.7" for identical bosons. 
Although a much smaller value for e'^/*" can be obtained 
by choosing appropriate mass ratios this approach 
severely limits the number of favorable systems. Near 
overlapping resonances, however, the situation is drasti- 
cally improved. In Fig. [2] we show sq and e^^^° for BBX 
systems where only asx is resonant, i.e., for an isolated 
resonance. As can be seen, scaling factors more favorable 
than for identical bosons are obtained only for mass ra- 
tios S = mx/iTiB less than approximately 0.2. For larger 
5, e"/^° diverges, making it unlikely that even a single 
Efimov feature could be observed. In contrast, for mul- 
tiple large scattering lengths, Sq and e'^/^o — also shown 
in Fig.[2]0 — substantially improve on the identical bo- 
son case for all mass ratios. Therefore, overlapping reso- 
nances dramatically enhance the feasibility of observing 
the Efimov effect in a greater variety of systems. 

In Tables U and II (see Ref. [l^l ) , we summarize our 
major results for the coUisional rates for BBX and XY Z 
systems. In Table U we assume that only two of the scat- 
tering lengths are resonant, while in Table II all three 
scattering lengths are resonant. For atom-molecule colli- 
sions. Table H] gives the rate constants for vibrational re- 
laxation, represented generically by XY* ^-Z XY + Z, 
Vic\, and for reactive scattering, XY* + Z ^ XZ* + Y, 
denoted by p. For collisions involving three atoms, we 
give the loss rate for three-body recombination, K^, one 
example of which is given hy X + Y + Z ^ XY* + Z. In 
Tables U and II the modulation factors M and P arc 



Ms, ( ^ ) a sin^ [so ln( 1 1 1 ) + $] + sinh^r;, (2) 
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and provide the signatures of Efimov physics. In these 
expressions 3> is an unknown phase that determines the 
positions of the interference minima (in the M's) and the 
resonant peaks associated with the creation of an Efimov 
state (-P's), and 77 is a parameter associated with the 
probability to decay to deeply bound states. Both <& and 
rj are non-universal short-range three-body parameters 
that must, with the current theoretical limitations, be 
determined for each system empirically. 

In contrast to isolated resonances, where interference 
minima only occur in K3, (a > 0) and resonant enhance- 
ments only occur in A'3 (a < 0) and V^oi (a > 0), min- 
ima and peaks appear ubiquitously near overlapping res- 
onances and, in some cases, both can happen in the 
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TABLE I: Scattering length dependence for three-body coUision rates in BBX and XY Z systems. For BBX systems both asx 
and asB scattering lengths are resonant, while for XY Z systems only axY and axz are resonant. The notation \a\ indicates 
a<0, and no entry indicates that the associated process is not possible. Expressions for M and P are given in Eqs. ©-([S}. 
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FIG. 2: (color online). Effect of overlapping resonances on (a) 
the strength of the Efimov potential so [see Eq. fl])] and (b) 
the scale factor e^^"° separating Efimov features as a func- 
tion of a. Both panels include the results for large scattering 
lengths between two (so, green dashed line) and three (sj, red 
solid line) pairs of particles. 



same scattering process. This result reflects the complex- 
ity of scattering near overlapping resonances and opens 
up many alternatives for observing Efimov physics and 
achieving atomic and molecular stability. 

We expect the formulas in Tables H] and II to apply 
in the threshold regime [l^ — i.e., for energies (temper- 
atures) smaller than l/(2^BB0,%g) and 1/{2^bxo.'bx)^ 



vifhere /iy is the two-body reduced mass — and when 
the scattering lengths differ from each other by an order 
of magnitude or more. Otherwise, the effective poten- 
tials will not distinctly display the regions in R discussed 
above. In this case, one should assume that two similar 
scattering lengths arc equal in magnitude for the purpose 
of using Tables Hand II. 

In Fig. [3] we single out two interesting cases from 
Table H] Figure [3]Ja) shows the interference effects in 
BB* + X ^ BX* + B collisions {aBB > asx), and 
Fig. [3i;b) shows the rate for BX* +B ^ BB* + X colli- 
sions {aBx 3> a be) J displaying both interference minima 
and resonant effects — the latter is due to the appear- 
ance of Efimov states at the BX* + B threshold. For 
the examples in Fig. E^a) and (b), wc have chosen an 
arbitrary qbe and gbx dependence on the B-field that 
allows both scattering lengths to vary substantially and 
to display more than one Efimov feature — note that we 
also have chosen an arbitrary phase for the position 
of the Efimov features in Eqs. ([l])-® as well as a small 
T] to make such features more pronounced. For more re- 
alistic systems, decay to deeply bound molecules would 
increase rj, possibly limiting the observability of the in- 
terference minima, In the experiments to date, however, 
r] has tended to be small. Nevertheless, it is interesting 
to notice that in both cases, if the ubb and aBx can be 
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FIG. 3: (color online) The magnetic field dependence of se- 
lected processes using the present results. Reactive scatter- 
ing showing (a) interference minima and (b) both interference 
minima and resonant enhancement, (c) Atom-molecule colli- 
sion rates for three-spin mixtures of ^Li for the region in 
(d) where all three scattering lengths are large and positive. 



controlled independently 0, one of them can be adjusted 
to a minimum in M leading to the overall suppression of 
the losses as a function of the other scattering length. 

In Fig.[n{c) we apply our results to the case of the three 
overlapping resonances in ^Li 0] in the range of i?-field 
where the three scattering lengths ai2, ais, and 023, are 
all large and positive [see Fig WiA)] ■ From our results in 
Table II (see Ref. [l^l ) , we have found that relaxation of 
FiF^ molecules due to collisions with F2 atoms is sup- 
pressed as ai3 00. Specifically, we found the rates for 
the processes FiF^ + F2 ^ F^F^ + F3, F2F3* + Fi and 
FiFj+Fk (where FiFj is a deeply bound molecule), to be 
Mso{a23/ro)al2/ai3, (023/^0)0^3/013, and 0^3/013, 
respectively, displaying a suppression. These expres- 
sions show that FiF^ + F2 collisions can also display 
interference effects associated with Efimov physics [see 
Fig. El^c)]. The precise location of the minimum, how- 
ever, will depend on the short-range three-body physics. 
Therefore, we can only conclude that for this region of 
B-fields the scattering lengths change enough to produce 
a minimum. 

In summary, we show that despite the great increase in 
complexity, the scattering length dependence of the ul- 
tracold three-body rates near overlapping resonances can 
be understood. The effect of such overlaps expands the 
ways in which Efimov physics can be observed and in- 
troduces new effects such as atom-molecule interference 



minima. We also show that overlapping resonances re- 
duce the geometric spacing of Efimov features compared 
to identical bosons for essentially all possible three-body 
systems with arbitrary masses. 

This work was supported by the National Science 
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TABLE II: Scattering length dependence for three-body collision rates in XYZ systems with three large scattering lengths, i.e., for |axyl ^ ro, \axz\ 3> ro, and 
\aYz\ ^ ro- The notation \a\ indicates a<0, and no entry indicates that the associated process is not possible. Expressions for A'l and P are given in Eqs. (2)-(5) of 
the main text. 
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